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Chapter 19: Quantitative II – Estimation & Testing

Introduction

The previous chapter presented quantitative genetics from a conceptual view.  We

learned about heritability, environmentability, the behavioral-geneticist’s definition of

family environment, etc.  In this chapter, we will learn how to estimate these quantities

from actual data.

Estimating Heritability and Environmentability: A Quantitative Model

In this section, we develop a mathematical model for twin and adoption data that

permits the estimation of heritability and environmentability.  The overall logic behind

estimation is not difficult to grasp and consists of the following steps:

1. We have observed numbers in the form of correlation coefficients for different types

of relatives (MZ twins, DZ twins, adoptive sibs, etc.).  Using the principles of

quantitative genetics, write an equation for each of these correlations in terms of the

unknown quantities of heritability and environmentability.  The form of these

equations will be: observed correlation = algebraic formula.

2. There will also be an equation for the phenotypic variance.  Write down this equation.

3. We now have a series of simultaneous equations, but usually there are more unknown

algebraic quantities than there are equations.  Hence, it is necessary to make

assumptions about the unknowns.

4. Once there are as many unknowns as there are equations, use the techniques learned

in high school algebra to solve for the unknowns.
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The most difficult part of this section is the notation.  Because there are several

different types of relationships (e.g., MZ twins and DZ twins), it is necessary to use

subscripts to keep track of them.  Hence, the equations look intimidating.  But if you

“sound them out,” it becomes easy to understand them.

The model.

A model for the similarity for any of pair of relatives is depicted in Figure 19.1.

In this figure, G denotes genotypic value, E denotes environmental value, and P stands

for phenotypic value1.  Subscripts 1 and 2 denote respectively, the first and the second

relative.  If the relatives were siblings, then G1 denotes the genotypic value for sib 1, E2

stands for the environmental value of sib 2, etc.  If the relatives were parent and

offspring, then E1 could represent the environmental values of parents, P2 could denote

the phenotypic values of the offspring, etc.

[Insert Figure 19.1 about here]

The model in Figure 19.1 is one of several different models used to analyze

genetic data.  As the aphorism “all roads lead to Rome” implies, the various models will

all generate the same substantive conclusions.  The only advantage of the model in Figure

19.1—and the reason that it is used here—is that it avoids the equivocal use of the term

“family environment” that has impeded communication between behavioral geneticists

and other social scientists (see Chapter 18).

                                                  

1  Technically, this figure is a path diagram.  Observed variables are denoted by rectangles.  Because we
measure phenotypes, the two Ps are encased in rectangles.  Circles or ellipses denote unobserved or latent
variables.  Because we cannot measure genotypic values and environmental values, the Gs and Es are
enclosed in circles.
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In this figure, the straight, single-headed arrows (or paths) originating in the Gs

and entering the Ps denotes the possibility that genotypic values predict phenotypic

values.  The hs on these two arrows quantify this effect.  Strictly speaking, h is the

correlation between genotypic and phenotypic values2.  Similarly, the path between the

Es and the Ps denotes the prediction of phenotypic values from environmental values,

and e is the correlation between E and P.

The double-headed arrow connecting the G1 to G2 denotes that fact that the

genotypic values of relatives may be correlated.  The quantity γi (Greek lowercase

gamma) gives this correlation.  Similarly, the double-headed arrow connecting E1 to E2

allows for the possibility that the environmental values of the two relatives are correlated,

and ηi (Greek lowercase eta) denotes this correlation.  Both γ and η have the subscript i

attached to them to denote the type of relationship.  For example, if the relationship of

immediate interest were DZ twins, then i = DZ and the equation would contain the

algebraic quantities γDZ (read “gamma sub DZ”—the correlation between the genotypes

for DZ twins) and ηDZ (read “eta sub DZ”—the correlation between the environmental

values for DZ twins).  The values of γ and η for different types of relationships are given

in the columns labeled “General” in Table 19.1.

 [Insert Table 19.1 about here]

The two central equations of the model and how to write them.

We can now use the rules of path analysis developed by Sewall Wright to derive

two central equations for the quantitative model.  The first important equation is that for

                                                  

2  In general, h is the standardized regression coefficient when phenotypic values are regressed on
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the phenotypic variance.  Because the quantitative model is expressed in terms of

standardized variables3, the variance of the phenotype will equal 1.0.  The equation for

this variance is

1.0 = h2 + e2. (1)

The second equation expresses the correlation for any type of relative pair in terms of the

unknowns in Figure 18.2 (i.e., γi, ηi, h and e).  Let Ri denote the correlation for the ith

type of relationship.  Then,

Ri = γih
2 + ηie

2. (2)

For this equation read “R sub i equals gamma sub i times h squared plus eta sub i

times e squared.”  In substantive terms, the equation states “The correlation for the ith

relationship (Ri) equals the correlation between the genotypic values of the ith

relationship times the heritability (γih
2) plus the correlation between the environmental

values for the ith relationship times the environmentability (ηie
2).”

To write an equation for a specific type of relationship, go to Table 19.1, look up

the relationship, and then substitute the appropriate subscript for the subscript i in

equation (2).  For example, if the relationship were identical twins raised together, the

subscript is mzt, so we would substitute γmzt for γi and ηmzt for ηI in equation (2)  Hence,

the equation would be

Rmzt = γmzth
2 + ηmzte

2.

                                                                                                                                                      

genotypic values.  This equals the correlation in the present case because it is assumed that G is not
correlated with E.
3  In this case standardized variables have means of 0 and standard deviations of 1.  Because the variance is
the square of the standard deviation, the variance of standardized variables will also be 1.
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This equation states, “The correlation for MZ twins raised together (Rmzt) equals the

correlation between the genotypic values of MZ twins raised together (γmzt) times the

heritability (h2) plus the correlation between the environmental values for MZ twins

raised together (ηmzt) times the environmentability (e2).”  In any concrete application, we

would substitute the observed numerical value for Rmzt in this equation.

Equations (1) and (2) are very important, so you should devote time to

memorizing them.  This cumbersome notation has been used deliberately because later it

will reveal to us some important assumptions about the twin and the adoption method.

A numerical example.

Now that we have learned the important equations and how to write them, let us

go through the four steps mentioned earlier with a specific example.  Suppose that we

collected data on twins raised together and found that Rmzt = .60 and Rdzt = .45.  Using

step 1, we would write the equation for identical twins as

.60 = γmzth
2 + ηmzte

2,

and the equation for fraternal twins as

.45 = γdzth
2 + ηdzte

2.

Writing the equation for the phenotypic variance in step 2 gives

1.0 = h2 + e2.

Although there are three equations, there are six unknowns—h2, e2, γmzt, γdzt. ηmzt,

and ηdzt (the unknowns, or parameters as statisticians call them, will always be the

algebraic quantities on the right-hand side of the equation when you follow these rules).

From high school algebra, recall that it is not possible to find estimates of the six
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unknowns because there are more unknowns than there are equations, a situation that

mathematicians call underidentification.  To overcome this problem, behavioral

geneticists typically make assumptions (step 3 in the process).  There are two sets of

assumptions, the first dealing with γmzt, and γdzt and the second dealing with ηmzt, and ηdzt.

The first set of assumptions derives from genetic theory and is presented in the

text box “The Problem with γ,”  The value of γ for identical twins, irrespective of whether

they are raised apart or together, will always be 1.0.  For all other types of genetic

relationships, however, γ depends on unknown quantities about gene action and the form

of assortative mating when assortative mating is present.  The typical assumptions are

that all gene action is additive and that there is no assortative mating.  If these

assumptions are robust, then γ = .50 for first-degree relatives (parent-offspring, siblings),

γ = .25 for second degree relatives (grandparent-grandchild, uncle/aunt-nephew/niece,

half-siblings), γ = .125 for third-degree relatives, and so on.  At each degree of genetic

relationship the value of γ is halved; hence, for nth degree relatives, γ = .5n.  Genetic

models that use these assumptions are termed simple, additive genetic models, and the

values of γ under this model are given under the column for γ labeled “Simple” in Table

19.1.  If we make these assumptions, then the three equations for the problem can be

written as

.60 = h2 + ηmzte
2,

.45 = .5h2 + ηdzte
2,

and

1.0 = h2 + e2.
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There are now three equations, but because of the assumptions about γ, the number of

unknowns has been reduced from six to four.  Those unknowns are h2, e2, ηmzt, and ηdzt.

The second set of assumptions—those involving η—depend upon two

assumptions: (1) selective placement of adoptees into their adoptive environment, and (2)

the equal environments assumption in twin studies.  These assumptions are discussed in

the text box titles “The Problem with η.”  When placement is random with respect to

phenotypes (i.e., no selective placement), then the values of η for all genetic relatives

raised apart from one another is 0.  When the equal environments assumption in twin

studies is robust, then the η for MZ twins raised together equals the η for DZ twins raised

together.  The value for η under random placement of adoptees and the equal

environments assumption is given in the column for η labeled “Simple” in Table 19.1.  If

we now substitute the values for η in this column into the equations, we have

.60 = h2 + ηtwine
2,

.45 = .5h2 + ηtwine
2,

and

1.0 = h2 + e2.

We now have three equations in three unknowns (or parameters)—h2, e2, and

ηtwin—so we can estimate the unknowns.  The last step (Step 4) is to use high school

algebra to solve for the unknown.  The easiest way to start this is to subtract the second

equation from the first equation,

.60 - .45 = h2 + ηtwine
2 - .5h2 - ηtwine

2,

or
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.15 = .5h2.

Multiplying both sides of this equation by 2 (which, of course, is equal to dividing

both sides by .5) gives the estimate for heritability,

.30 = h2.

Substitute this numeric value for h2 into the first equation,

1.0 = .30 + e2,

so

e2 = .70.

We have now estimated the environmentability.

To estimate the correlation between twin environments (ηtwin), substitute the

numerical values for h2 and e2 into either of the two equations for the twin correlations.  It

makes no difference in this case whether we select the one for MZ twins or DZ

twins—we will arrive at the same estimate.  Arbitrarily taking the correlation for MZ

twins and substituting the numeric values of heritability and environmentability gives

.60 = .30 + ηtwin(.70).

Now use algebra to solve for ηtwin:

ηtwin =
−

=
. .

.
.

60 30
70

43.

Suppose that the trait that we were studying in this example were sociability.  We

would conclude that 30% of the observed individual differences in sociability is

attributable to genetic individual differences (because h2 = .30) and that 70% of the

observed individual differences in sociability is attributable to the environment (because
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e2 = .70).  To repeat this statement using statistical jargon, we conclude that 30% of the

phenotypic variance is due to genetic sources while the remaining 70% of phenotypic

variance arises in some way from the environment.  We would also conclude that the

correlation between twin environments is .43.  This suggests that something about being

raised in the same family makes twins similar, although it is not possible to pinpoint the

specific factors responsible for producing this similarity.

Making life simple.

More examples on how to estimate parameters may be found on the web site for

this book.  First, let us examine the traditional equations for the twin and the adoption

methods when the simplifying assumptions mentioned above are made.  They are

presented in Tables 19.2 and 19.3 respectively.

[Insert Tables 19.2 and 19.3 about here]

In practice, the torturous route of the four steps mentioned above are seldom

applied in behavioral genetics research.  The four steps are useful here for the student

because they illustrate the types of assumptions that are usually made and the exact

places where those assumptions are made.  Typically, behavioral geneticists have

collected data in accord with a specific design, make the assumptions necessary for that

design, and then use the equations in Tables 19.2 or 19.3 to estimate the parameters.

To illustrate, let us return to the example of sociability.  We have used a design of

twins raised together, so we automatically make the assumptions of a simple, additive

genetic model, no assortative mating, and equal twin environments.  This places us

squarely into the row labeled “Twins raised together” in Table 19.2.  To refresh our
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memories, the correlation that we observed to MZ twins raised together (Rmzt) was .60

and the correlation for DZ twins raised together (Rdzt) was .45.  Plugging these values into

the equations for the row labeled “Twins raised together” gives

h2 = 2(.60 - .45) = 2(.15) = .30,

e2 = 1 – h2 = 1 - .30 = .70,

and

ηtwin =
−

=
−

=
. . .

.
.

60 60 30
70

43
2

2

h

e
.

Note that these are the same values that we arrived at using the long, torturous method of

going through steps 1 through 4.

A Second Mathematical Model.

The model.

The model described above has been used in behavioral genetic research, but a

slightly different model has gained prominence in recent years.  Both models arrive at the

same substantive conclusions—they just express the information in different terms.

Because this model and its terminology are used so often, it is important to understand

the concepts behind it in order to understand the behavioral genetic literature.

The model is depicted in Figure 18.2.  It differs from the model in Figure 18.1 in

that it subdivides the environment into two parts, the common environment (the latent

variables denoted as C in the Figure) and the unique environment (the two Us in the

figure).  The common environment is defined as all those environmental factors that
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make relatives raised together similar on the trait of interest.  (Note that the common

environment is equal to the statistical concept of between-family environmental variance

discussed in Chapter 18, Table 18.5).

[Insert Figure 18.2 about here]

The unique environment is defined as all those environmental factors that make

relatives different from each other on the trait of interest.  Individual learning

experiences, having different friends, being treated differently by parents are all aspects

of the unique environment of a phenotype provided that they influence that phenotype.

(Once again, review the discussion of Table 18.5.  Also note that when phenotypes are

not measured with perfect accuracy—a fact that applies to virtually every behavioral

phenotype—then measurement error is included in the unique environment.

In this model, h remains the correlation between genotypic values and phenotypic

values, c is the correlation between common environmental values and phenotypic

values, and u is the correlation between unique environmental values. The meaning of γi

remains the same—the correlation between the genotypes of the relatives.  The quantity

αi is the correlation between the common environments of genetic relatives.  For relatives

raised together, αι = 1.0 but for relatives raised apart αi = 0 under the assumption of

random placement of adoptees.
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The two central equations for this model (and how they relate to the previous

model).

In this model, the total environmentability (that is, e2 in the first model) is

subdivided into the common environmentability or c2 and the unique environmentability

or u2.  Hence,

e2 = ci
2 + ui

2,

and the equation for the phenotypic variance becomes

1 =  h2 + ci
2 + ui

2.

The generic correlation for the relatives is

Ri = γih
2 + αici

2.

where the subscript i denotes the type of relationship (i = mz, dz, apo, etc., depending on

the data).

The quantity c2 in this model equals the correlation between the relatives’

environments in the first model (η) times the total environmentability (e2) or

ci
2 = ηie

2.

A numerical example.

The same four steps used to solve for h2, e2, and ηi in the first model may be used

to solve for h2, ci
2, and ui

2 in this model.  Let us take the previous example in which we

have obtained a correlation for identical twins raised together (mzt) of ,60 and a

correlation of fraternal twins raised together (dzt) of .45.  Under the assumption of a
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simple, additive genetic model and equal environments for twins, the two twin equations

can be written as

.60 = h2 + ctwin
2,

and

.45 = .5h2 + ctwin
2.

The equation for the variance is

1 =  h2 + ctwin
2 + utwin

2.

There are three simultaneous equations in three unknowns—h2, ctwin
2, and utwin

2.

Once again, algebra must be used to find numerical values for these unknowns.

Subtracting the second twin equation from the first gives

.60 - .45 = h2 +ctwin
2 - .5h2 – ctwin

2,

so

.15 = .5h2.

Multiplying both sides by 2, gives the value of h2 as .30, just what we found in the

first model.  If we substitute this quantity into the equation for MZ twins, we have

.60 = .30 + ctwin
2,

so ctwin
2 is also equal to .30.  Note how this figure is within rounding error of the quantity

ηtwine
2 (.43 * .70 = .301) reported by the first model.  Finally, substituting the values of h2

and ctwin
2 into the equation for the phenotypic variance, we have

1 = .30 + .30 + utwin
2,
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so

utwin
2 = .40.

The substantive conclusions from this analysis are as follows.  First genetic

individual differences contribute to 30% of phenotypic individual differences in

sociability—the identical conclusion arrived at in the first model.  In total, the

environment (i.e., c2 + u2) contributes to the remaining 70% of phenotypic individual

differences—again, just what we found in the first study.  Thirty percent of all phenotypic

differences are attributable to the common environment of twins (i.e., c2 or all those

environmental factors that make twins similar in sociability), while 40% of phenotypic

individual differences are due to idiosyncratic experience unique to an individual (i.e.,u2).

Making life simple.

Once again, Tables 19.4 and 19.5 give shortcuts for estimating the parameters for

this model when the simplifying assumptions are made.  Note that the quantities c2 and u2

in these tables contain the subscript i.  This denotes the possibility that the common and

unique environmental effects for, say, parent and offspring are not the same quantities as

those for, say, siblings.

[Insert Tables 19.4 and 19.5 about here]

Estimating Genetic Correlations and Environmental Correlations

In the previous chapter we saw that we cannot calculate heritability directly by

calculating the correlation between genotypic values and phenotypic values and squaring

the result.  Nor could we estimate environmentability by calculating the correlation
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between environmental values and phenotypic values and squaring the result.  The reason

for this is simple—we lack the technology to arrive at numerical estimates of genotypic

values or environmental values for continuous traits.  The same logic applies to the

estimation of genetic and environmental correlations.  We cannot calculate them directly.

Instead we must use data on twins or adoptees and—with some simplifying

assumptions—obtain rough estimates of their values.

One very important point to recognize is that the phenotypic correlation between

two traits is a function of the genetic and environmental correlations and the heritabilities

and environmentabilities of the two traits.  Specifically for the traits of verbal ability

(subscript V) and quantitative ability (subscript Q), the extent to which an individual’s

verbal score predicts his/her quantitative score may be written as,

r r h h r e ep g e= +V Q V Q . (3)

In terms of the notation given in the previous chapter, this ghastly-looking

equation states that the correlation between phenotypic verbal and phenotypic

quantitative scores (rp) equals the genetic correlation times the square root of the two

heritabilities (rghVhQ) plus the environmental correlation times the square root of the two

environmentabilities (reeVeQ).  In actual data analysis, we observe rp and with twins or

adoptees can arrive at estimates of rg, re, hV, hQ, eV, and eQ.  Hence, we can estimate the

extent to which the phenotypic correlation is attributable to genetic sources as well as the

extent to which environmental factors contribute to the phenotypic correlation.  The

quantity

r h h

r
g

p

V Q (4)
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gives the proportion of phenotypic correlation between verbal and quantitative scores

attributable to genetic sources.  Similarly, the quantity

r e e

r
e

p

V Q (5)

gives the proportion of the phenotypic correlation attributable to environmental sources.

A numerical example can assist in understand these quantities.

A numerical example

Table 19.6 presents twin correlations for the English and Mathematics subtests of

the National Merit Scholarship Qualifying Test on a sample of over 800 twin pairs

(Loehlin & Nichols, 1976)4.  Note that these are real data, not hypothetical numbers that

were made up for Table 18.3.

Let us begin by stating the assumptions.  We will assume that there is no

dominance, no epistasis, and no assortative mating.5   Hence, γ will be .50 for DZ twins.

We will also assume that η is equal for MZ and DZ twins, that there is no gene-

environment interaction, and that there is no gene-environment correlation.

We begin by calculating h2, e2, and η for the English subtest.  Using the equations

in Table 19.2 and the English test as a phenotype, we can calculate that:

hE
2 = 2(Rmzt-E – Rdzt-E) = 2(.75 - .56) = 2(.19) = .38,

 eE
2 = 1 – hE

2 = 1 - .38 = .62,

                                                  
4  The correlations here were calculated directly from the data in the form of intraclass correlation matrices
and hence will differ slightly from the numerical estimates in Loehlin & Nichols (1976).
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and

ηE
mz E E

2

E
2=
−

=
−

= =−R h

e

. .
.

.

.
.

75 38
62

37
62

60.

The subscript E in these equations means that the observed correlations (e.g., Rmzt-

E) and the parameter estimates (e.g., hE
2) pertain to the English subtest.  Hence, 38% of

the individual differences in English scores are attributable in some way to genetic

individual differences while the other 62% is due to the environment.  The correlation

between twin environment is substantial—.60—suggesting that being raised in the same

family also contributes to individual differences in English test scores.

For the mathematics subtest, the equations in Table 19.2 give

 hM
2 = 2(Rmzt-M – Rdzt-M) = 2(.72 - .44) = 2(.28) = .56,

eM
2 = 1 – hM

2 = 1 - .56 = .44,

and

ηM
mzt-M M

2

M
2=
−

=
−

= =
R h

e

. .
.

.

.
.

72 56
44

16
44

36.

For the mathematics phenotype, genetic individual differences are responsible for

56% of phenotypic individual differences while environmental differences contribute to

the remaining 44%.  The correlation between twin environments is .36, suggesting an

important role for factors associated with being raised in the same family.

                                                                                                                                                      
5  Although there are no data on the spousal correlation for NMSQT scores, it is likely that there will be
some assortative mating because mates have moderate resemblance on IQ scores and years of education.
We will see the effect of violating this assumption in a later section.
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Given the assumptions, we can write the correlation for the English test in one

MZ twin and the Math test in the other MZ twin as

R r h h e egmzt-E,M E M twin E,M E M= + −η .

Again, subscripts E and M respectively refer to English and Math, respectively.

The quantity ηtwin-E,M represents the correlation between one twin’s environmental values

for English and his/her cotwin’s environmental values for Math.  Because the heritability

of English was .38, the quantity hE will be hE
2 .= =. .38 6164 .  Similarly, eE equals

eE
2 .= =.62 7874, hM equals hM

2 .= =.56 7483, and eM equals eM
2 .= =.44 6633.

Substituting these four quantities into the above equation for identical twins raised

together gives

R r rg gmzt E,M twin-E,M twin-E,M. 7483 . .− = + = +( )(. ) ( )( ) . .6164 7874 6633 4613 5223η η

From Table 19.6, the observed correlation between the English test score of one MZ twin

and the Mathematics score of the other twin (i.e., Rmzt-E,M) is .56.  Substituting this

quantity into the above equation gives

. . .56 4613 5223= +rg ηtwin-E,M

The general equation for fraternal twins is

R r h h e egdzt-E,M E M twin-E,M E M= +.5 η .

Again, substitute the observed correlation for the English score of one fraternal twin and

the Math score of the other fraternal twin into this equation (i.e., put the value of .37 from
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Table 19.6 into the equation in place of the algebraic quantity Rdzt-E,M).  Then replace hE,

hM, eE, and eM with their numerical equivalents.  The correlation for fraternal twins is now

. . ( )(. ) ( )(. ) . .37 5 6164 7483 7874 6633 2307 5223= + = +r rg g. .twin-E,M twin-E,Mη η

Now subtract this equation for DZ twins from the equation for MZ twins:

. . . . . .56 37 4613 5223 2307 5223− = + − −− −r rg gη ηtwin E,M twin E,M

. .19 2306= rg

so

rg = =
.

.
.

19
2306

8239.

In words, this equation states that the estimated correlation between genotypic

values for the English subtest and the genotypic values for the mathematics subtest (rg) is

.82.  Genetic values for one subtest strongly predict those for the other subtest.

Substituting this numeric value for rg into the equation for MZ twins gives

. . (. ) .56 4163 8239 5223= + ηtwin-E.M

Hence,

ηtwin-E.M =
−

= =
. (. )(. )

.
.
.

.
56 4163 8239

5223
2170
5223

4155.

This is a moderate correlation for most social science research.  In substantive terms, it

means that those environmental factors that make one twin score high in English

moderately predict the environmental factors that make the other twin proficient in math.
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Finally, we want to obtain an estimate of re, the extent to which an individual

person’s environment for English test scores predicts hi/her own environment for math

scores.  To do this, we substitute the numerical values for rp, rg, hV, hM eE, and eM that we

have already calculated in equation (3), the one for the phenotypic correlation between

English and math scores.  There are two difference values for rp, the value of .61 for MZ

twins and .59 for DZ twins (see Table 19.6).  Let us take the average of these and

estimate the value of rp as .60.  Substituting these values into equation (3) gives

. . (. )(. ) (. )(. )60 8239 6164 7483 7874 6633= + re

so

re =
−

= =
. . (. )(. )

. (. )
.
.

.
60 8239 6164 7483

7874 6633
2200
5223

4212 .

Hence, the environmental correlation of .42 suggests that there is a moderate relationship

between the environmental values for English score and those for math scores.

How much of the phenotypic correlation between English and math scores (i.e., rp

= .60) is attributable to genetic differences and how much of this correlation is influences

by environmental individual differences?  These questions can be answered by

substituting the quantities that we have estimated into equations (4) and (5).  The percent

of the correlation due to genetic individual differences is

r h h

r
g

p

V Q = =
. (. )(. )

.
.

8239 6164 7483
60

63.

The percent of the correlation due to environmental individual differences is

r e e

r
e

p

V Q = =
. (. )(. )

.
.

4212 7874 6633
60

37.
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That is, about 60% of the correlation (to be exact, 63%) is attributable to genetic

individual differences and the other 40% (to be exact again, 37%) derives from

environmental differences.  So why do people who score well on English also tend to

score well on math?  About 60% of the reasons can be traced to the genes and the other

40% to the environment.

Testing Estimates of Heritability, Environmentability, and Genetic and

Environmental Correlations

Suppose that we went through the exercise outlined above for our precious twin

data gathered on, say, bird watching and arrived at an estimate of h2 of .28. Is this

sufficient to convince our fellow scientists that genes contribute to individual differences

in bird-watching?  Certainly, our estimate of the heritability is greater than 0, but most

social scientists would ask whether this estimate is significantly greater than 0.  We have

now moved beyond simple estimation and into the realm of hypothesis-testing—do our

estimates of heritability (or environmentability or genetic correlation or environmental

correlation) really differ from an hypothesized value?

The most frequently hypothesized value of heritability is 0.  That is, behavioral

geneticists are challenged to demonstrate that the estimates of heritability are really

different from 0 or, in substantive terms, that genetic individual differences really

contribute to phenotypic individual differences.  The method for doing this is to fit two

different models to observed correlations  The first model is the one described

above—i.e., we use the equations to estimate h2.  The second model assumes that h2 is

really 0 and then estimates e2 (which will always be 1.0 when h2 = 0) and the η for the
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relationship in question.  Using advanced statistics that involve the comparison of the two

models, one can arrive at statistical decisions about which model gives the better fit for

the data.  The mechanics of this process are too complicated for us to consider here, so

the interested reader is referred to Eaves et al. (1989), Neale & Cardon (1992), and

Loehlin (1998).  The important point is that there are well-established statistical

principles that guide behavioral genetic research.  These principles follow the same logic

as ordinary social science research would in, say, assessing whether an observed

correlation differs significantly from an hypothesized correlation of 0.

From a conceptual viewpoint, the techniques in behavioral genetics fit two

different models to the data.  The first is a general model that fits as many unknowns

(i.e.,parameters) to the data as possible.  The second is a constrained model that sets one

or more of parameters to a specific, numerical, hypothesized value.  Then statistical

decision rules are used to assess the relative merit of the general versus the constrained

model in predicting the observed data.  If the statistical decision rules tell us that the

constrained model fits the data poorly, then we reject the constrained model and prefer

the general model.  If the statistical decision rules tell us that the constrained model fits

the data almost as well as the general model, then we give preference to the constrained

model because it is more parsimonious than the general model6.  That is, the constrained

model uses fewer parameters than the general model, but statistical fits the data almost as

well as the general model.

                                                  
6  The phrase “almost as well” is important.  For technical reasons, a constrained model can never fit the
data as well as a general model.  The key decision is whether the constrained model is statistically “much
worse” than the general model or is “only a tiny bit worse” than the general model.
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Testing: A numerical example.

Suppose that the fictitious data on bird watching reported a correlation of .41 for

387 pairs of MZ twins raised together and a correlation of .27 for 404 pairs of DZ twins

raised together.  The general model fits three parameters—h2, e2, and ηtwin—to these two

correlations plus the equation for the phenotypic variance.  Because there are three

simultaneous equations (one for Rmzt, the second for Rdzt, and the third for the phenotypic

variance) and three unknowns, the general model will give a perfect fit to the data.  That

is, the predicted correlations derived from the estimates of h2, e2, and ηtwin will equal the

observed correlations.

Suppose that we wanted to compare this general model against a constrained

model that hypothesized that there was no heritability for bird watching.  In this case, we

set h2 to 0 and the three equations would be written as

R emzt twin= =.41 2η ,

R h edzt twin= =.27 2,

and

1 = e2.

We still have three equations but there are now only two unknowns—e2, and ηtwin.  This is

a situation that mathematicians call overdetermined and special techniques—too

advanced for us to consider here—must be used to estimate the two unknowns.  I applied
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one of these techniques to these data7 and obtained estimates of e2 = 1.0 and ηtwin = .34.

Table 19.7 gives the observed and the predicted correlations from this model along with a

statistic (χ2 with 1 degree-of-freedom) the measures the discrepancy between the

observed and predicted correlations.  Note how the value for χ2 is 0.00 for the general

model.  This indicates that there are no differences between the observed and predicted

correlation for the general model.  The larger the value of χ2, the more the predicted

correlations deviate from their observed counterparts.

[Insert Table 19.7 about here]

With h2 = 0 and ηtwin = .34, the predicted correlations between for both MZ and

DZ twins is .34.  The χ2 is 4.94 and its associated p value is less than .05.  Hence it is

rather improbable that this model could explain the data.  According to scientific

convention, we reject this model and conclude that h2 is significantly different from 0.

Table 19.7 also gives the predicted correlation correlations and χ2 from a different

model that estimated h2 but sets ηtwin to 0.  In English, this model says that there is no

correlation between the environments of twins.  The estimate of h2 for this model is .43

giving predicted correlation of .43 for MZ twins and .165 for DZ twins.  The χ2 of 1.60 is

not significant (i.e., its p value is greater than .05).  Hence, we would conclude that the

correlation between twin environments is small and close to 0.

                                                  

7  The technique minimized the chi-square (χ2) in the function χ2 23= − −∑( )( )N Zobs Zprei i i
i

where

N is the number of pairs for the ith zygosity and ZobsI and ZpreI are, respectively the Z transform of the
observed and predicted correlation for the ith zygosity.  See Neale & Cardon (199X) for further details.
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An Overall Perspective on Estimation and Testing

The bottom line

If I had a hat, I would take it off in honor of you persevering readers who have

gone through all this material and made it to this point.  Chances are that most of you

who are reading these words right now have started this chapter, given up because of

frustration or boredom, and flipped to the end in hope of finding a quick bottom line.

The material in this chapter is dull—very, very dull, in fact—but also difficult and

challenging.  It goes far beyond undergraduate statistics and gives a taste—more of a

small nibble than a salacious gulp—of the way that the scholastic inheritors of Mendel

and Darwin now approach problems in genetics.

This is a classic situation where knowing the logic behind the method is much

more important than knowing the mechanics of implementing the method.  The quick

bottom line (i.e., logic) is given in the following steps:

• Develop a mathematical model of the way the genes and environment work

for a specific phenotype.  This mathematical model will contain certain

unknowns called parameters.

• Use established mathematical techniques to estimate these unknowns or

parameters.  The techniques outlined above involve simultaneous linear

equations, but more advanced mathematical strategies may be employed for

other problems.

• After the parameters have been estimated, compare the observed data to the

predictions of the model.  In the examples, the observed data are correlations,
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so the observed correlations are compared to the predicted correlations of the

mathematical model.

• Using statistical techniques and established scientific guidelines, assess how

well the predictions of the model (i.e., the predicted correlations) fit the

observed data (i.e., the observed correlations).  If the fit is poor, then reject the

mathematical model as a plausible explanation of the observed data.  The

specific statistical techniques employed in this step are beyond the scope of

this book, so one can think of them as a “black box.”
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Text Box:  The Problem with γ.

Here, a small digression is in order because the quantity γ in the path model

requires some explanation.  This quantity is the correlation between the genotypic values

of relatives.  If the relatives are identical twins, then γ = 1.0 because the twins have

identical genotypes.  For fraternal twins and for ordinary siblings, the precise

mathematical value of γ is not known.  If the world of genetics were a simple place where

each allele merely added or subtracted a small value from the phenotype and there were

no assortative mating for the trait, then γ would equal .50.  This value of γ is often

assumed in the analysis of actual data, more for the sake of mathematical convenience

than for substantive research demonstrating that the assumptions for choosing this value

are valid.

If gene action is not simple and additive, then the value of γ will be something

less than .50.  The two classic types of nonadditive gene action are dominance and

epistasis.  Dominance, of course, occurs when the phenotypic value for a heterozygote is

not exactly half way between the phenotypic values of the two homozygotes.  Epistasis

occurs when there is a statistical interaction between genotypes.  Both dominance and

epistasis create what is termed nonadditive genetic variance.  For technical reasons,

nonadditive genetic variance reduces the correlation between first-degree relatives to

something less than .50.  The extent of the reduction depends upon the type of relatives.

Assortative mating, on the other hand, will tend to increase the value of γ.  When

parents are phenotypically similar and when there is some heritability, then the genotypes
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of parents will be correlated.  The effect of this is to increase the genetic resemblance of

their offspring over and above what it would be under random mating.

What should be done under such complexities?  The typical strategy of setting γ

equal to .50 is not a bad place to start.  If a trait shows strong assortative mating, then

more elaborate mathematical models can be developed to account for the effects of

nonrandom mating.  The real problem occurs with nonadditive genetic variance.  When

this is present, then the techniques described in the text overestimate heritability.  This is

another reason why heritability estimates should not be interpreted as precise,

mathematical quantities.
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Text box: The Problem with η.

A small digression is useful here to explore the meaning of η.  This parameter1 is

usually interpreted as a measure of family environment but the term “family

environment” has the rather strange and esoteric meaning explicated in the previous

chapter.  In this context, the family environment is defined as all those factors, both

inside and outside of the physical household, that make relatives similar on the phenotype

being studied.  Repetition is good for learning, so let us reinforce the discussion of the

family environment in Chapter 18 in this text box.

Suppose that relatives in question were pairs of young sibs.  Such siblings live in

the same neighborhood, usually attend the same schools, and often have friends in

common.  If neighborhood, quality of school, and peers influence a phenotypic like

achievement motivation, then they are part of the “family environment” for siblings, even

though these variables do not originate within the physical household of the sibs.

Suppose that future research found that parents subtlety treat their children

differently by, say, encouraging the sib with the higher grades in school to study more

and take academics more seriously.  This parental action will make pairs of siblings

different, not similar.  Hence, it would not be considered a family environmental factor

even though from a psychological perspective it involves social interaction between

parents and their offspring.

An astute reader may question why anyone would regard η as a measure of

“family environment” when family environment is defined in such an odd way.  There is
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indeed considerable merit to this perspective, but the sad fact is that this definition of η

and the family environment has been used so much in the literature that it is almost

carved in stone.  At the risk of offending many colleagues, I suggest a vigorous

sandblasting of that stone. Let us begin to view η for what it really is—the correlation

between the environments of relatives.  It is an index of the environmental similarity of

relatives and measures the extent to which relatives are correlated because they have

some environmental factors in common.  Family factors—defined in the substantive

sense outlined in Chapter 18—can make η high or can make η low, just as factors outside

the family can influence η.  In short, η is a statistical concept that overlaps with—but

does not completely define—the substantive meaning of “family environment” as the

term is used in social science research.
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Table 19.1.  Values of γ and η for different types of genetic and adoptive relationships
under a general model and under a simple model that assumes only additive genetic
action, random mating, and random placement of adoptees.

γ η
Relationship: Notation: General Simple General Simple

MZ twins together mzt 1.0 1.0 ηmzt ηtwin

MZ twins apart mza 1.0 1.0 ηmza 0
DZ twins together dzt γsibs .50 ηdzt ηtwin

DZ twins apart dza γsibs .50 ηdza 0
Siblings together sibst γsibs .50 ηsibst ηsib

Siblings apart sibsa γsibs .50 ηsibsa 0
Parent-offspring together pot γpo .50 ηpot ηpo

Parent-offspring apart poa γpo .50 ηpoa 0

Grandparent-grandchild gg γgg .25 ηggt ηgg

Uncle/aunt-nephew/niece uann γuann .25 ηuannt ηuann

Half-sibs, together hst γhs .25 ηhst ηsib

Half-sibs, apart hsa γhs .25 ηhsa 0

Cousins cous γcous .125 ηcous ηcous

Adoptive parent-offspring apo γapo 0.0 ηapo ηpo

Adoptive sibs asibs γasibs 0.0 ηasibs ηsib
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Table 19.2.  Estimation of heritability, environmentability, and the correlation between
twins’ environments using the twin method and the assumptions of equal environments
for MZ and DZ twins raised together and no selective placement of adoptees.  Notation
follows that in Table 19.1 and Figure 19.1.  A dot (.) denotes that a quantity cannot be
estimated using that design.

Design: h2 e2 ηtwin

Twins raised together = 2(Rmzt – Rdzt) 1 – h2

ηtwin =
−R h

e
mzt

2

2

= Rmza 1 – h2 .Twins raised apart
= .5Rdza 1 – h2 .

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



© 2000, Gregory Carey Chapter 19: Quantitative II - 34

Table 19.3.  Estimation of heritability, environmentability, and the correlation between
relatives’ environments using the adoption method and assumption of no selective
placement. Notation follows that in Table 19.1 and Figure 19.1.

Design: h2 e2 η

Sibs Apart and Together
= .5Rsibsa 1 – h2

ηsibs
sibst=

−R h

e

.5 2

2

Sibs Together and
Adoptive Sibs

= 2(Rsibst – Rasibs) 1 – h2

ηsibs =
R

e
asibs

2

Parent-offspring
Together and Apart

= 2Rpoa 1 – h2

ηpo
apo=

R

e2
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Table 19.4.  Estimation of heritability, common environmentability, and unique
environmentability in twin studies using the assumptions of equal environments for MZ
and DZ twins raised together and no selective placement of adoptees.  Notation follows
that in Figure 19.2.  A dot (.) denotes that a quantity cannot be estimated using a
particular design.

Design: h2 ci
2 ui

2

Twins raised together = 2(Rmzt – Rdzt) = 2Rdzt - Rmzt = 1 – h2 – c2

= Rmza . .Twins raised apart
= .5Rdza . .
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Table 19.5.  Estimation of heritability, environmentability, and the correlation between
relatives’ environments using the adoption method and assumption of no selective
placement. (Notation follows that in Table 19.1 and Figure 19.2).

Design: h2 ci
2 ui

2

Sibs Apart and Together
= .5Rsibsa = Rsibst – .5h2 = 1 – h2 – c2

Sibs Together and
Adoptive Sibs

= 2(Rsibst – Rasibs) = Rsibst – .5h2 = 1 – h2 – c2

Parent-offspring
Together and Apart

= 2Rpoa = Rapo = 1 – h2 – c2
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Table 19.6.  Twin correlations for the English and Mathematics
subtests of the National Merit Scholarship Qualifying Test.  (From
Loehlin & Nichols, 1976)

Correlation: Zygosity:
MZ

(N = 509 pairs)
DZ

(N = 330 pairs)
Within Individuals .61 .59

Cross-Twin: .
Twin 1: Twin 2: .
English English .75 .56
English Math .56 .37
Math Math .72 .44
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Table 19.7.  Testing mathematical models.

Model:
Quantity: Observed General h2 = 0 ητwin = 0

Rmzt .41 .41 .34 .43
Rdzt .27 .27 .34 .27
χ2 0.00 4.94 1.60
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Figure 19.1.  A model for the correlation between the phenotypes of two relatives.  Subscripts 1 and 2 denote the two relatives, G
denotes the genotype, E denotes the environmental value, and P denotes the phenotypic values of the relative.DR.RUPNATHJI(
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Figure 19.2.  An alternative model for the correlation between two relatives denoted as subscripts 1 and 2.  G is the genotypic value, C
is the common environmental value, U is the unique environmental value, and P is the phenotypic value of the relative.
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